Dental studies often produce spatially-referenced multivariate time-to-event data, such as the time until tooth loss due to periodontal disease. These data are used to identify risk factors associated with tooth loss, and to predict outcomes for an individual patient. The rate of spatial referencing can vary with various tooth locations. In addition, these event time data are heavily censored, mostly due to the fact that a certain proportion of teeth in the population are not expected to experience failure, and can be considered 'cured'. In this paper, we assume a proportional hazards (PH) model with a surviving fraction to model this clustered correlated data, and account for dependence between nearby teeth using spatial frailties which are modeled as linear combinations of positive stable random effects. This model permits predictions (conditioned on spatial frailties) that account for the survival status of nearby teeth, and simultaneously preserves the PH relationship marginally over the random effects for the susceptible teeth, allowing for interpretable estimates of the effects of risk factors on tooth loss. We explore the potential of this model via. simulation studies and application to a real dataset obtained from a private periodontal practice, and illustrate its advantages over other competing models to identify important risk factors for tooth loss and predict the remaining lifespan of a patient's teeth.
population constitute subjects with a mixture of both susceptible and nonsusceptible teeth. a cured proportion along with spatial dependence in survival data appear in Banerjee and Carlin In this paper, we model tooth loss using a mixture cure (Sy and Taylor, 2000 ) spatial survival 25 model that accounts for both susceptible and nonsusceptible teeth and the dependence between 26 the event times of nearby teeth. Here, we assume a fraction π of the entire teeth population to be 27 cured, and the remaining 1 − π remaining susceptible (non-cured). Hence, the survival function for a low plaque score, little bleeding on probing, and fairly healthy gingiva would be assessed with 1 'good' hygiene. In contrast, a patient with a high plaque score, a lot of bleeding on probing and 2 puffy, inflamed gingiva would be classified with 'poor' hygiene, with the baseline category 'fair' 3 standing somewhere in between the two extremes. The binary smoking status indicated ever a 4 smoker, or never. The baseline tooth-level covariates are crown-to-tooth ratio indicator, probing 5 depth, mobility, an indictor of an missing adjacent tooth on the same jaw, and an indictor of a 6 missing directly opposing tooth on the opposite jaw. The crown-to-root ratio is defined as the ratio 7 of the length of the part of a tooth that appears above the alveolar bone versus what lies below it 8 (Penny and Kraal, 1979) . Our dataset records the crown-to-root ratio (binary) indicator, which is 9 1 if it was deemed unsatisfactory by the clinician due to PD, and 0 otherwise. Mobility is defined as 10 the amount of bone loss around the tooth, and is categorized into 4 classes starting from complete 11 tooth stability to tooth being terminally mobile, i.e., bone loss of 1mm in any direction. In our 12 analysis, we treat it as a continuous variable. 13 We analyze data for m = 28 teeth for each subject (third molars are excluded). The 14 teeth We denote the event time for the tooth at location s for subject i as Y i (s). Because the dataset 21 is mostly subjects with well-maintained dental hygiene, the censoring rate is high. were lost during the observation window (uncensored). The censoring indictor is δ i (s) = 1 for teeth 1 remaining at the final visit, and δ i = 0 for teeth that fall out during the monitoring period. For 2 censored observations, we denote the final observation time asỸ i (s) and thus Y i (s) ∈ (Ỹ i (s), ∞), 3 and we assume a proportion π of these censored observations are cured. 4 3 Spatial survival model 5 We model Y i (s) for locations s ∈ {s 1 , . . . , s m } and subjects i = 1, . . . , n in terms of subjectand tooth-level covariates X i (s) = (X i1 (s), ..., X ip (s)). We assume the PH framework for the susceptible/non-cured teeth in a mixture-cure model, and that event times are conditionally independent given spatial random effects θ i (s) > 0. We specify the hazard function for the non-cured teeth at location s and time t > 0 as
where λ 0 (s, t) > 0 is the baseline hazard function at location s (discussed further in Section 3.2).
The regression coefficients, β C = (β C 1 , . . . , β C p ) T , are interpreted as the log hazard ratio conditionally (hence the superscript 'C') on θ. The corresponding overall survival function S(t) given the spatial frailty is
where H 0 (s, t) = t 0 λ 0 (s, u)du is the cumulative baseline hazard and π is the proportion of the 6 teeth not diseased, i.e. the cured proportion. For estimating the remaining lifetime of a tooth, this is the survival function of interest. Marginalizing over θ gives the population survival function
For studies comparing populations, this is the survival function of interest since it is the survival 1 function of a typical subject with covariates X i (s). However, (1) generally does not have a closed 2 form or preserve the PH interpretation of the regression coefficients. In particular, the PH inter-3 pretation of the regression coefficients does not hold if the spatial random effects are Gaussian.
4
To preserve the PH interpretation while accounting for spatial dependence, the random effects 5 are modeled using PS random variables. We assume the random effect is a linear combination of 6 L PS random variables,
where w l (s) ≥ 0 are basis functions, A il ≥ 0 are the corresponding coefficients, and α ∈ (0, 1] con- 
where c(B) = sin(απB) sin(πB)
sin(απB) . If α = 1, f (A|α) is the point mass distribution degenerate 13 at A = 1, the random effects are irrelevant and there is no attenuation; as α decreases towards Marginally over the spatial random effects, the survival function and corresponding hazard
which for the non-cured teeth correspond to a PH model with marginal (hence the superscript 'M ') 2 log hazard ratio coefficients 
Borrowing a concept from extreme value analysis (Coles, 2001), we summarize joint survival using the extremal coefficient (with slight abuse of notation, since the spatial extremal coefficient is usually defined in terms of the joint distribution function rather than the joint survival function)
The extremal coefficient ranges from ϑ(s j ,
Note that ϑ(s j , s k ) holds simultaneously for all t. In our current formulation, the degree of spatial 1 dependence remains constant over time, which is not generally the case for other frailty distribu- There are several potential choices for the basis functions w l (s). To satisfy the constraints periodontal data which display dependence not only between nearby teeth, but also between teeth 12 in different quadrants.
13
To provide a flexible model for the spatial dependence function, we use Gaussian process (GP)
, and anisotropic spatial
where
We denote this model as 
20
We must consider identifiability carefully. Since adding a constant to each K l will not affect 1 the function w l , we fix µ = 0. In addition, changing the labels of the basis functions, for example 2 exchanging K 1 and K 2 , does not affect the likelihood. A common approach in factor analysis is to 3 fix several elements to zero so that the remaining elements are identified. To avoid selecting the 4 elements to fix to zero, we elect not to constrain the K l . Therefore, the K l are not individually 5 identified, which must be accounted for when monitoring MCMC convergence. Fortunately, the 6 parameters of interest such as θ i (s) and ϑ(s j , s k ) are identified, and these parameters are used to 7 assess convergence. The marginal and conditional survival distributions simplify in the special case of the parametric 
where incisors.
The Weibull baseline hazard can also be motivated using asymptotic arguments. Appendix
21
A.3 shows that this spatial process is minimum stable assuming a Weibull baseline hazard with
as the scaled (by some a(N ) and b(N ) so thatZ(s) is non-degenerate) point-wise minimum of where the events can be thought of as the result of several competing risks, and the event time is 6 the first of the failure times corresponding to each risk. 7 
Computing details 8
Assuming the parametric model (7), the likelihood is simply
where F C ij (y) is the Weibull cumulative distribution function with parameters given in (7) for 10 subject i at location s j and f C ij (y) is the corresponding density function. As stated earlier, the PS 11 density defined in (3) does not have a closed form. Hence, for computing, we approximate this as a
12
Gaussian quadrature over 100 equally-spaced points covering the unit interval. Further sensitivity 13 analysis revealed that increasing the number of quadrature points only increased the computing 14 time without any noticeable change in the posterior parameter estimates.
15
Due to the mixture component in the likelihood (8), none of the parameters can be factored out.
16
Therefore, we use Metropolis-within-Gibbs algorithm (Tierney, 1994) in which the predictions were finite, the posterior predictive mean for diseased teeth is approxi-
, and the T -year survival probability for diseased teeth is approximated
The T -year survival probability for all teeth is approximated as (6)) were all fixed to 1. For all models, we select non-informative priors β C j , log(η j ), log(κ C ) statistics is presented in Table 1 . We select the PS cure frailty model with L = 20 < M factors as 5 the best model (largest LPML in Table 1 ).
6
In our analysis, we assumed a parametric Weibull baseline hazard function. To evaluate the 7 validity of this assumption, we compute the probability inverse transform statistics P IT ij . Let predictors, there is no significant effect of missing opposite teeth at baseline, however a missing 26 adjacent tooth significantly increases the hazard. Note that factoring in the cured proportion, the conditional hazards are larger for the PS model (for most parameters), as compared to the Gaussian 1 and independence models. The estimates of the Weibull shape parameter implies increasing failure 2 rate with time, and the survival distribution less skewed than the exponential, across all models.
3
The scale is the smallest for molars, followed by pre-molars, and largest for the canines and incisors 6 Simulation study 7 In this section, we compare the finite sample performance of the regression parameter estimates for 
13
The baseline hazard is Weibull with shape and scale parameter constant across sites and subjects is also reflected in the extremely poor CPs, whereas the CPs for the PS under Gaussian truth is 10 not that terrible. This rekindles our enthusiasm for the PS option. We cautiously summarize that 11 estimation of conditional effects are highly sensitive to the underlying random effects distribution.
12
In general, conditional effects are less robust compared to marginal effects (Boehm et al., 2013), 13 which is intuitive since more information is available for estimating marginal effects than conditional 14 effects. 15 
Conclusion

16
In this paper, we propose a mixture cure PH model for spatially-referenced survival data under a
17
Bayesian paradigm. Our model induces spatial dependence via random effects, and preserves the 18 PH interpretation of the covariates (for the susceptible units) marginally over the random effects.
19
The prior for spatial dependence is very flexible using a spatial factor approach. The method is used 20 to analyze PD survival data of several subjects from a private periodontal practice. Our models 
Differentiating and computing −S ′ (t)/[S(t) − π] gives the hazard function in (4). The joint survival function for non-cured teeth (5) is
Appendix A.3: min-stability 
Setting A(N ) = 0, B(N ) = N κ , and observing that for the Weibull cumulative hazard , t) , the joint survival function ofỸ (s) can be written as
which equals (9). The full likelihood (expanding 8) is given by
where Θ is the matrix of spatial frailties θ i (s j ), Y is the matrix of observed time of tooth loss Y i (s j ),
6
X represent the design matrix of covariates, L is the matrix of censoring time L i (s j ) (lower bound 7 for tooth loss), and D is the matrix of censoring indicators δ i (s j ) for location s j of individual i.
8
Due to the mixture likelihood, none of the parameters can be factored out. Our sampling strategy 9 substitutes the Gibbs steps with convenient Metropolis steps via. the Metropolis-within-Gibbs (Tierney, 1994) sampling. The conditional posteriors for the parameters are presented below.
ii) We use N(0, variance=10 2 ) priors for β C k , log(η(s j )), and log(κ C ), yielding
iii) We use a N(0, 1) prior for logit(α), yielding
iv) The spatial random effects term θ i (s j ) is constructed as
Hence, we outline the conditionals of its components A il and K l as follows:
Cooner, F., Banerjee, S. (b) Coverage probability of 90% intervals (multiplied by 100) Figure 1 : Kaplan-Meier survival plots for the full MN dataset, and also stratified by the 4 tooth types: molar, premolar, canine and incisor. 
